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Abstract

Via the Posilicano method, Schrodinger operators with singular potentials
supported by Brownian paths in the configuration space RY,1 < d < 5,
are constructed. The essential, absolutely continuous and singular continuous
spectra are determined almost surely (with respect to Wiener measure). It is
shown that the set of positive eigenvalues is discrete and that the wave operators
exist and are asymptotically complete almost surely; if d > 3 then the set of
positive eigenvalues is even empty almost surely. A trace formula for the
number (counting multiplicities) of negative eigenvalues is derived.

PACS number: 02.30.Tb
Mathematics Subject Classification: 47A60

1. Introduction

In a wide variety of models in quantum field theory, one studies a family (H,,) of Schrodinger
operators in L*(R* A*)(A¢ being the Lebesgue measure) with potentials supported by a
Brownian path. Here severe mathematical problems arise from the very beginning. Due to
the fact that the ¢;-capacity of a ‘typical path of a Brownian particle in R*’ equals zero, Kato’s
quadratic form method cannot be used in order to define the operator H,, (cf the introduction
in [Bra] for a detailed discussion of this point).

Instead one has worked with ultraviolet cutoff [Cher] or nonstandard analysis [AFHL].
The spectral analysis of the operators constructed via these methods is, however, extremely
difficult; in fact, virtually nothing is known about their spectra.

Recently, Posilicano [Pos1] presented a new method for the construction of singularly
perturbed self-adjoint operators (cf also [Bra, Pos2]). In particular, he demonstrated that his
method can be used for the construction of Schrodinger operators with potentials supported by
Brownian paths if the dimension d of RY is less than or equal to 5 [Pos1, example 3.6]. In this
paper, we shall provide a detailed spectral analysis of a particular class of such operators; our
operators are chosen such that their resolvents have a fairly simple form. We shall determine
the essential spectra, prove existence and completeness of wave operators, absence of singular
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continuous spectra and positive eigenvalues, and derive a trace formula for the expectation
value of the number (counting multiplicities) of negative eigenvalues.

Our operators are, in particular, self-adjoint extensions of the restriction SQT) of the free
Hamiltonian to the space of smooth functions with compact support in the complement of
the Brownian path FuT) (defined by (2.6) below). For almost all (w.r.t. to the Wiener measure)
o the symmetric operator S is lower semibounded and has infinite deficiency indices. It
has been shown that the spectra of self-adjoint extensions of lower semibounded symmetric
operators with infinite deficiency indices strongly depend on the special choice of the self-
adjoint extension (cf, e.g., [ABN]). In particular, for other classes of Schrodinger operators
with potentials supported by Brownian paths (cf [Posl]) one may get spectral properties
different from those derived for the special class discussed in this paper.

Finally, let us mention an important open problem. The operators discussed in this paper
are not form-local in the sense of the definition given in [Sh2]. It is an interesting and difficult
open problem to obtain lower semibounded, form-local singular perturbations supported on
Brownian paths. For the solution of this problem, it may be necessary to choose the self-
adjoint extensions of S7 in a more complicated way. This is due to the strong irregularity of
the Brownian paths, as a simpler situation described in [Sh1] suggests.

2. Preliminaries and notation

2.1. Capacity and quasi-continuity

LX(RY) = L2(R?, A%) denotes the space of (equivalence classes) of functions which are
square-integrable w.r.t. the Lebesgue measure A¢ and f the Fourier transform of f. Let
s > 0.H*(R%) denotes the Sobolev space of all f € L%(R?) such that

1/2
I fllas = ( / (1 +x2>f/2|f<x)|2xd<dx)> < oo0. 2.1

The c;-capacity of the compact set K C R is defined by
cs(K) = inf|| f[|7.,

where the infimum is taken over all f in the space C§° (RY) of smooth functions f with
compact support satisfying f(x) > 1 for all x € K. The c;-capacity of an arbitrary Borel set
B is defined by

¢s(B) = sup ¢ (K), 2.2)

where the supremum is taken over all compact subsets of B.
The function g : RY — C is quasi-continuous w.r.t. the c;-capacity if and only if for
every & > 0 there exists an open subset O, of R? such that

(0g) < €

and the restriction of g to the complement R?\ O, is continuous. Every f € H*(RY)
has a representative f which is quasi-continuous w.r.t. the c,-capacity. If f and f° are
representatives of f € H*(R?) and quasi-continuous w.r.t. the c,-capacity then the c,-capacity
of the set {x € RY : f(x) # f°(x)} equals zero. In the present paper f denotes any
representative of f € H*(R?) which is quasi-continuous w.r.t. the ¢,-capacity; this notation
does not indicate which s is meant, but this will always be clear from the context.

If w(B) = 0 for every Borel set B satisfying ¢,(B) = 0 and

/ | F1>du < oo, f e H(RY), (2.3)
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then we can define the mapping J;, : H® RY — L2R?, ) by

Juf = F u-a.e., f e H*(RY). (2.4)

2.2. Wiener measure and occupation time measure

Q2 denotes the space C (R, Rd) of continuous functions w : R, = [0, o0) —> R? and W the
Wiener measure on Q2. With 0 < T < 0o being fixed, the occupation time measure u” on the
Borel algebra B(R?) of R? is defined via

ul(B) :=2'{r:0< 1t <T,0() € B, B € B(RY). (2.5)
The topological support of the occupation time measure p! equals the set

I’ ={w@):0<t < T). (2.6)

2.3. Singular perturbations
Lets,a > 0. We put
G :=(—A+a)”* and Gy :=Gig=(—A+a)"! 2.7)

where — A is the self-adjoint operator in L>(R¢) defined by
d azf
D(=A) = H*(RY), —Af == 3, e H*(RY),
(=4) RY f 2 ) f R

and derivatives have to be understood in the distributional sense.
An operator H belongs to the set A” if and only if
H is a self-adjoint operator in L(RY),
C&(R\I'T) ¢ D(H),
Hf = —Af, f e CP(RATY),
H# —A.

2.8)

If there exists an s < 2 such that u” (B) = 0 for every Borel set B satisfying ¢;(B) = 0
and

wl(B) =0, if ¢ (B)=0, and / If1?dpl < oo, f e H*(RY), 2.9)

then we can define the mapping J! : H*(RY) — L?(R?, uT) by
JIf=Ff ul-ae., f e H*RY (ie. JI = Jyur) (2.10)

and there exists a unique operator H!, € A! such that —a belongs to the resolvent set of H/,
and

(HI, +a)™ = Go + (J1Go) (V] Ga), @2.11)

cf [Bra, theorem 9].
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2.4. Wave operators and Schatten classes
The wave operators W*(H, —A) exist provided
WEH, —A) f = lime"H el f
tF00

exist for every f € L>(R?). The wave operators W*(H, —A) are asymptotically complete if
and only if

ran(W*(H, —A)) = ran(W ™~ (H, —A)) = (H"P(H))*

(i.e. every state f can be decomposed into the orthogonal sum of a bound state f;, and a state f;
such that the system behaves asymptotically as a free system provided the initial state equals
f:). The wave operators W*(H, —A) are asymptotically complete if and only if the singular
continuous spectrum o (H) is empty and the operators W*(H, —A) are complete, i.e,

ran(W*(H, —A)) =ran(W~ (H, —A)) = H*(H).

Here H?P(H) and H*“(H ) denote the pure point spectral subspace (the closure of the span of
the eigenvectors) of H and the absolutely continuous spectral subspace of H, respectively.

In order to prove existence and completeness of wave operators one often uses Schatten
classes. Let C : Hy —> H, be a compact linear bounded mapping. There exists an
orthonormal basis {e;};c; of H, and non-negative numbers A;, i € I, such that

v CC*ei = Aje;, iel.

The family {A;};c; is unique up to permutations. We put

1/p
ICls, := (Z A{’) (<00), 0<p < oo.
iel

C belongs to the Schatten class of order p provided ||C|ls, < 0o. We define ||C|ls, = oo if C
is not compact.

We shall repeatedly use the following well-known facts: along with C also B;C B, and
the adjoint C* belong to the Schatten class S, for all bounded operators B; and B,. Moreover,
CK €S, providedC €S,, K e S;and 1/p+1/q =1/r.

3. Compactness and Schatten norms

Let d < 5. Our first goal is to show that the condition (2.9) is satisfied for W-a.a. w € Q. As
mentioned, this guarantees that for W-a.a. w €  there exists a unique operator H!, € A"
such that —a belongs to the resolvent set of H, and (2.11) holds. If the dimension d is larger
than 5 then the c,-capacity of the set I‘OT, (cf (2.1), (2.2) and (2.6)) equals zero W-a.s. and the
set A! is empty W-a.s.

We shall prove (2.3) with the aid of lemma 3.1 below which might be useful in other
contexts, too. Let s, > QOand d € N.

There exist rotationally symmetric functions ky, : R — [0, oo] and gy, : RY —
[0, oo] satisfying

kso(p) = (P> + )%, Za(p) = (PP +a)", Aae., (3.1)

cf [SW]. We choose k;, and g, such that they are continuous on R? if possible (i.e. if s > d
respectively s > d/2); otherwise we choose them such that they are continuous on R%\{0}
and equal to oo at 0. g, is the convolution kernel of the operator (—A +«) ™ on LA(R?, 29).
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Lemma 3.1. Let G, be the integral operator with kernel g, (x — y) (cf (3.1)) in L*(R?, w).
If G, is bounded then the measure p does not charge any set with cs-capacity zero and

/ 1512 dp < |G I(—A + ) ?v, (—A +0)*/?0) 2 ey, v e H(RY). (3.2)
The estimate (3.2) is sharp.

Proof. Denote by K, the integral operator with kernel k,q (x — y) (cf (3.1)) from L2(R?, 1)
to L2(Rd, A9). Then the adjoint operator K, is the integral operator from LZ(R”Z, A9 to
L*(R?, 1) with the same kernel kyq (x — y).

Let f € L*(R?, ), f > Ou-a.e. Then

/ / ko (6 — ) F()(dy) / kya (x — 2) f (D (d2)24 (dx)
_ f / / Ko (¥ — Wksa (x — DA4) F ) (dy) F (D (da)

= ff(y)/gm(y —2) f()u(dz)u(dy)

= (£, G.lvtaf)Lz(R",u)
2
< Gl A 12 g, < 00
In the second step we have used that
[t = 3t = 2380 = gty - .

Thus we arrive at

k2|

<okl < oo

For every f in the Schwartz space of rapidly decreasing smooth functions the function
0 i= [ =0 f O y)

also belongs to Schwartz space S(R?); in particular, v is continuous. Note that v is a
representative of both (—A + o) 52 f and K fod f. Moreover,
2

[0 i = 2 < UK

K 2
< HGﬁta H (v, (—A +05)YU)L2(R‘1,)\¢1) < c”U”HV(Rd) (3.3)

for some finite constant ¢ independent of v.
If the ¢;-capacity ¢, (K) of the compact set K equals zero then there exist v, in the Schwartz
space S(R?) satisfying

v, =2 1lonkK and lvall gs ey —> 0, asn —> oo.

By (3.3), it follows that ¢, (K) = 0. By the inner regularity of the c;-capacity and the measure
W, this implies that ¢;(B) = 0 for every Borel set B such that u(B) = 0.

Let v € H*(R?). Take any v,,n € N, in the Schwartz space S(R?) converging to v in
H*(R?) as n tends to infinity. By (3.3), there exists an i € L*(R?, p) such that

v, — h as n— 00 in L2(RY, ).
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Moreover, there exists a subsequence {vn,} of {v,} such that
Uy, —> U cs-q.€. asn — 0.

Since the measure ;1 does not charge any set with ¢;-capacity zero it follows that ¥ = A almost
everywhere with respect to the measure p, and that ¥ € LZ(]R‘I, w) and

/|ﬁ|2du= lim flvnlzdu«
n—-o00
S ngnoo ” Gl ” (U, (A + Ol)svn)Lz(R‘[,ld)
= |G (A + @), (=2 +0) V) 12 -

Since Giy = J5,(JiuGya)* = (JWG;f)(JmG;éz)* = KK/, the operator Gk, is non-
negative and self-adjoint, and

|Ge | =KL (3.4)

We choose a sequence {f,} in S(RY) such that I full 2gd jay = 1 for every n € N
and || K% f @i Ik We put v, := (=A +a)™/%f,,n € N. Then
(Vn, (—A + @)*v,) = 1 forevery n € N and (3.3) and (3.4) yield

/mﬁw—ﬂm@

i.e, inequality (3.2) is sharp. ]

, as n — 00,

Remark 3.2. (a) With the aid of the above lemma we can immediately rediscover a well-
known result on measures in Kato classes. Let 0 < s < d/2. Let u be a measure in the Kato
class w.r.t. the operator (—A)®, i.e,

1
812’105;15 /yx|<e lx — y|d_2Su(dy) o

Then the Schur test in combination with the facts that gy, (x) tends to zero uniformly on
{x : |x| > €} as « tends to infinity and that there exists a finite constant ¢ independent of «
such that gy, (x) < c|x[*~¢ for all x € R? yields that the operator norm |G, | of gk, tends
to zero as « tends to infinity. Thus (3.2) implies that f |5|? du is an infinitesimal small form
perturbation of the operator (—A)*. (b) For s < 1 the operator (—A)® is associated with
a Dirichlet form; we refer to [Amor] for a partial generalization of the above lemma in the
Dirichlet case.

By lemma 3.1, (2.3) holds provided that the operator G4, is bounded for some s < 2.
Actually, this operator even belongs to the Schatten class of order 4 if s > d/2 — 1:

Lemma 3.3. Lets > d/2 — 1,«a > 0 and for v € Q let Glfag be the integral operator in
L? (Rd, ug) with the kernel gy, (x — y) defined by (3.1). Then

E| Gl [, < oo.

. . . . T4 .o .
i.e., the expectation value (w.r.t. to the Wiener measure W) of || Gl ||S4 is finite. In particular,

.
W-a.s. the operator Ghe belongs to the Schatten class Sy of order 4. Moreover,

E|Ghl, — 0. a— .
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Proof. First let 1 be any positive Radon measure on R?. Then

IG5 15, = 1(6%)’ s,

2
= // </ 8sa (X — 2)gsa(z — y)u(dz)> wu(dx)u(dy)

= //f/ 8sa(X — 285 (2 — ¥)&sa (X — @) gsa(a@ — y)pu(dz) u(dx) u(dy)p(da).

If u equals the occupation time measure w” then this implies, by the general transformation
theorem, that

T4 T oT pT pT
G50 = [ [ [ [ a@m - omsun) - o@)ga - o)
0 Jo Jo Jo
X gsa (W (t3) — w(tp)) dt; dtp dt3 dty. (3.5
For every element v of the symmetric group Sy let
My = {(ti, o, 15, 12) € [0, T1* : tz1) < tr2) < ta(3) < try}-
Up to a set with Lebesgue measure zero the domain of integration in (3.5), i.e. the set [0, T]*,
equals the disjoint union of the 24 sets M, w € Sa.
By using Gaussian kernels
x2
pi(x) i= Qrle) e 7w

we can derive an expression for the expectation value of the integral over the set M, for every
m € S4. For instance, in the case w(j) = j for j = 1, 2, 3,4 we get

]E[ gsa(@(t1) — (83))gsa (0 (13) — @(12)) &5 (@ (t1) — w(14))
o<t <t <tz<ty <T

X gsa(W(ts) — w(ty)) dty dtp dt3 dty

= f / / / Diy—t, (X) Pry—ty V) Pty =15 (2) 85 (X + ¥) 850 (V)
0<t <t <t3<t,<T JR? JR? JRY
X gy (X + ¥ +2) 850 (y + DA ()AL (WA (2) dty dt dts dty. (3.6)

The function g, tends exponentially fast to zero at infinity. Moreover, it is bounded if
2s > d, has a logarithmic singularity at 0, if 2s = d, and satisfies

2 (X) < colx|* 74, x e RY, (3.7)

for some finite constant ¢q if 25 < d. limsup,_, ., ¢, < 00. Moreover, g, (x) —> 0, as
o —> oo, for every x € R?\{0}. In what follows, we shall treat the last case, 25 < d; the
other two cases can be treated in an analogous way and are even more simple.

By (3.7), the integrand on the right-hand side of (3.6) is, up to a constant, bounded by

Doty ) Prs—ts (D) Pra—ss @1 + Y12y P x + y + 2|2y + 2|7

A straightforward but tedious computation shows that

/ / / / Pio—t, () Pry—ty D) Pry—ry (@ x + 2]y * ¢
0<t <tr<tz<ts<T JRY JRY JR?
X x+y+z/2 7y + 212N Al ()AL (z) dty drr dis diy < 00

provided s > d/2 — 1. Thus

(3.8)

]E/ gsa(w(t) — w(13))gsa (@ (13) — w(12)) gsa (@ (11) — w(t4))
o<t <h<z<ty <T

X gsa(W(t3) — w(tp)) dt; dip dt3 dty < 00
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for every @ > 0 and

E /0< _ gsa(w (1) — w(13))gsa (@ (13) — @(12)) gsa (@ (F1) — W (14))
Sti<h<tz<uy LT
X gso (@ (ty) — w(tr)) dt; dtp dt3 dty — 0, o —> o0.

The remaining 23 domains of integration can be treated in a similar manner and we get
that

E/{O - gsa(@(t) — 0(13))gsa (@ (13) — 0 (1)) gsa (@ (11) — @ (14))

X gsa(@(ts) — w(t2)) dty dty dtz dty < 00

for every @ > 0 and

E/ Zsa(@(t) — 0(13)) gsa (@0 (13) — W(12)) gsa (@ (t1) — w(14))
0,7

X gso (@ (ty) — w(tr)) dt; dtp dt3 dty —> 0, o —> 0.

By (3.5), we have proved the lemma. ([l

4. Wave operators, continuous spectral subspaces and positive eigenvalues

In this section, we shall present results on the scattering theory for the operators H! and
related results on their spectra. Moreover, we shall prove the absence of singular continuous
spectra and, for d > 3, also the absence of positive eigenvalues.

Theorem 4.4. Let the dimension d of R? be less than 5 or equal to 5 and o« > 0. For W-a.a.
w € Q let Ha{a be the self-adjoint operator defined by (2.7), (2.10) and (2.11). Then the
following is true for W-a.a. w € Q:

(i) The essential spectrum of HY equals [0, o0).
(ii) The wave operators W= (Hlfa, —A) exist and are asymptotically complete.
(iii) The singular continuous spectrum of HY, is empty, the set of the positive eigenvalues of
HT  isdiscrete and every positive eigenvalue of H!, (if there is any) has finite multiplicity.
(iv) The absolutely continuous part of H,, is unitarily equivalent to the operator —A and, in
particular, the absolutely continuous spectrum of H',, equals [0, 00).

(v) If d > 3 then the operator H! has no positive eigenvalue.

Proof. (i) We have

Ghe = JLGY (JLGoll) = I Gu(UL Ga)” (4.9)
Since 2 > d/2 — 1, this equation and lemma 3 imply that
JIG, € Sg for W-aa. w e Q. (4.10)

By (2.11) and (4.10),
(HI, +a) " —(~A+a) ' = J1G,(J[G,) €Sy for W-aa we Q. @.11)

Since every operator in S, is, in particular, compact, and the operators H/, and —A are
self-adjoint, Weyl’s essential spectrum theorem together with (4.11) implies the assertion (i).

(ii) The wave operators exist and are asymptotically complete provided that the singular
continuous spectra are empty and the wave operators exist and are complete. We shall prove
the absence of singular continuous spectra below, under (iii).
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The wave operators exist and are complete provided that there exists an N € N such that
the operator

DI = (Hpyy +o) ™V — (=A+a)™V

awN :

is compact and

(Hwa+05)_ND§wN(—A+O[)_N €Sy, (4.12)
cf [Dem].
It follows immediately from (4.11) and the identity
N-1
DZwN = Z(Ha)a +a)_j((Ha)a +Ol)_] —(=A +Ol)_])(—A +(X)_(N_]_j)
j=0

that the operator D!, is compact for W-a.a. w € Q. Thus we need only to prove that (4.12)
is true W-a.s. for some N € N.

For k > d/2 the integral operator J G’; has a continuous convolution kernel vanishing
exponentially fast at infinity. Thus

(JIGa) TG, Gl € s, j>dj2—1,
Gi(JIG,)" IIG, €8s, j>d/j2—1.
Let N e Nand N > d. Since
(HL +a) ' = (~A+a)™ = (J1G,)' TG,
(cf (2.11)), the operator DZw w 1s the sum of 2V — 1 terms where every term has the form

A(JLG,) I G.GiB

4.13)

or
AGL(JIG.) I G.B
or
A(JLG) Il GuB(JGo) I GuC
for some bounded operators A, B, C and some j > d/2 — 1. By (4.11) and (4.13), each of
these terms belongs to the Hilbert—Schmidt class S,. Thus

DI v eS, for W-aa we QG N > d). (4.14)
We have
(HL +a)™" DIy (~A+a)™ = DI DI\ +(—A+a) DI (~A+a)™V.

For W-a.a. w € 2 the first term on the right-hand side belongs to the trace class S; since it is
the product of two Hilbert—Schmidt operators. The second term is the sum of 2¥ ! operators
where every operator has the form

AGY(JTG,)'BIl GG C
for some bounded operators A, B, C. Applying again (4.13) we get that each of these 2V !
operators is the product of two Hilbert—Schmidt operators and therefore also an operator in
the trace class. Thus (4.12) holds W-a.s. for every N > d.

(iii) Let D := {z € C : Re(z) > 0 orIm(z) > 0}, and D¢y := D U {z € C : Re(z) > 0}.

It is sufficient to prove that for W-a.a. w € Q there exists a discrete set C such that for every
fecCy (R?) the mapping

7> (f, (H(Za +z)_1f)D — C

has an analytic continuation on De¢y. C may depend on w.
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In fact, suppose that such a discrete set C and such an analytic extension exist. Let
fe Cg"(Rd). Let —00 < a < b < 0be such that [a, b] N C = (. Then there exists an & > 0
such that

{x+iy:a<x<b,0<y<elNC =40.

Since continuous mappings are bounded on compact sets and the mapping z >

( f, (Hga + z)_l f ) has a continuation on a neighbourhood of the compact set {x + iy :
a<x<b0<y<e}weget

sup |(f. (Hao+2)

a<x<bh,0<y<e

1

f)’ < 00.

Since the space C{° (R%) is dense in L2(R?) and by the limiting absorption principle ([RS4],
theorem XIII.19), this implies that

ow(—H.,)N(a,b)=0=0,(—H.,)N(a,b).

Since C is discrete it follows that oy (—Hu{a) N (—oo, 0] is at most countable. This is only
possible if oy (—H?,) N (—00,0) = @. Moreover, by (i) and the fact that o(—H/[,) C
aess(—Ha{a), we also have O‘SC(—HZ;Q) N (0, 00) = 4.

It remains to prove the existence of the mentioned continuation. By (4.10), J(Z G, is
compact W-a.s. and therefore J! is also compact W-a.s. Trivially, the range of J! is dense
in L2(]Rd, uﬁ) Thus, by [Bra, theorem 3], (—oo, —«] belongs to the resolvent set of H afa and

(Hly+B)" =G+ (1] Gp)" (I = (@ = IS GulJ] Gp) ") I G,

B> a, W-a.s. 4.15)
In what follows let @ be any element of €2 such that J! is compact. Let
1
— —/zlx| —
(x) = e , xeR, d=1,
8:(x) G

respectively,

1 1-d)2
Q)i <_|:/C|_—Z) Kapp1(—=+/zlx]), x € R\ (0}, d>1.

Here we choose the root as follows: /r exp(i) = /r exp(i¢p/2) forr > Oand —7/2 < ¢ <
37 /2. Then

1
8:(p)=—F5—. Re(z) > 0 or Im(z) > 0,
p -tz

(cf [SW]) and this definition of g, (x) is in accordance with (3.1). If Re(z) < 0 and Im(z) < 0
then g, is not square-integrable w.r.t. the Lebesgue measure. Note that the function z — g,(x)
is analytic on Dey for x # 0 (every x if d = 1).

For z € D we define the operator G, in L2(R%) by G, := (—A +z)~'. For z € Dy
let G be the integral operator in L?(R?, 17) with the kernel g, (x — y). By the preceding
considerations, we need only to prove that there exists a discrete set C such that

(@)1 — (¢ — 2)G" is invertible in L2(R?, uT) for every z € Dy, and (B) the
mapping z +> (f, G, f+ (Jng)*[I — (x — z)Gl;”T’]ilJsz) is analytic on Dy \C for
every [ € C(‘)"’(]Rd).

A straightforward computation yields analyticity of the mapping z +—> G?‘C and («) and
(B) follow from Fredholm’s analytic theorem.
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(@iv) It is well known that the spectrum o (—A) of —A equals [0, co) and that — A equals
its absolutely continuous part (—A)%. Since the wave operators W= (H T, —A) exist and are
complete for W-a.a. w € €2 this implies, by [RS3, XI 3, proposition 1], that the wave operators
W=*(HZ,, —A) are unitary mappings from L?(R?, 1¢) onto the absolutely continuous spectral

subspaces of W*(H,, —A) and

wo?

HI, = WH(HL,. ~A) (M) WH(HL, ~A),  Weas

In particular, the operators H! and —A have the same absolutely continuous spectrum and
therefore

UaC(Ha{a) = 0ac(—A) =0 (—A) = [0, 00). -

By the last theorem, the set of positive eigenvalues of the operator H! is discrete. In
the case when d > 3 the complement of a typical path '’ of a Brownian particle in R4
is connected. Together with a unique continuation theorem this provides a much stronger
statement about positive eigenvalues in the case d > 3:

Theorem 4.5 Let d > 3. For every w € Q let H! be any self-adjoint operator in L*(R?, 04)
such that the space C§° (Rd\r‘g ) is contained in the domain of H! and

Hyf=—-Af.  feCP®RNLD)).

Then W-a.s. the operator Ha{ has no positive eigenvalue.

Proof. Let w € € be such that I has Lebesgue measure zero and its complement Rd\FaT) is
connected. Then the set C3°(R?\TI'7) is dense in L2(R?, ) and the adjoint of the restriction
of —A to this space is an extension of H/,

HI € (-ATCR@\I])" = -l

w,max*

Let E > Oand H! f = Ef. Then
/R JEF)8)A(dx) = (=4 S 8)
= / FOEAD@A A, g e G (RATY).
Rd

By Weyl’s regularity theorem, it follows that f is infinitely differentiable on Rd\FaT) and

d azf
T d d\ 1T
H f(x) = ; T = Ef A%-ae. on RI\I'T. (4.16)

o . . 2

Let B be any ball containing I'’. Since — Zle 63—)67

of Band f € L*(R? 19) we have f = 0 A%-a.e. on R\ B (cf, e.g., the proof of [RS4,

theorem XIII.56]). By [RS4, theorem XII1.63] and (4.16), it follows that f = 0A‘-a.e. on the

connection component of Rd\I‘g containing B. Since Rd\Fg is connected and the Lebesgue

measure of the compact set I'” equals zero it follows that f = OA%-a.e. Thus E is not an
eigenvalue of H! .

Since d > 3 and the two-dimensional Hausdorff measure of l"g equals zero for W-a.a.

o € Q the Lebesgue measure of I'! equals zero and the complement of I'? is connected for

W-a.a. w € Q. O

f = Efi%-ae. on the complement
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5. A trace formula for the expectation value of the number of negative eigenvalues

In this section, we shall derive a trace formula for the number of negative eigenvalues of
the operators H! provided 3 < d < 5. By mimicking the reasoning below and using the
Klaus—Newton method (cf [K1, Newt] and the extension in [BEKS]), similar results can be
derived for d = 1, 2 as well.

Let

(A +a)(=A)

Ao 1= (5.17)

o

By lemma 3.3 and (4.9), for W-a.a. w € Q the operator Ja{ from H2(R?) to Lz(Rd, /Lg)
(cf (2.10)) is compact and for every ¢ > 0 there exists an a(«, &, ®) < 0o such that

2 2
190 £ gt ) < 1A F 2oy + @l &, @ F I g 0 feH)®RY.  (5.18)
Thus W-a.s. the quadratic form 5aTOw in Lz(Rd, A19), defined by
D(gl,) = H*RY), (5.19)
Elu(f.8) = (AL f, Al g) — f Fedul, fge H*RY, (520

is lower semibounded and closed. We denote by A,o — ] the unique lower semibounded
self-adjoint operator in L2(R?, A%) associated with €7, .

Let Ni(w,T) and N(w,T) be the number (counting multiplicities) of negative
eigenvalues of the operator H!, and A, — !, respectively. By [Bra], corollary 8,

Ni(-,T) = N,(-, T) W-a.s. (5.21)
Let

Gaoy 1= (Aag + 7). (5.22)

By [Bra], (28),
—1 * *y\ —1

(Awo — b +v)" = Gaoy + (I Gaoy) (1 = I (I Gaoy)) ™ L Gaoy (5.23)
for every y > 0 such that —y belongs to the resolvent set of Ayo — u’. Let

Kl =110 (J] (] Gaoy)7). (5.24)

Modifying the Birman—Schwinger analysis in an obvious way, we can derive from (5.23) that

the number of eigenvalues below —y of Ay — u” equals | K -Ey HSIW-a.s.

In particular, the number of negative eigenvalues of H ,Za is less than or equal to || G400 ||‘S‘4.
By the considerations in the proof of lemma 3.3 (cf, in particular, formula (3.8)), the
expectation value of the last expression is finite if 3 < d < 5. Thus we have proved the
following theorem.

Theorem 5.6. Let3 < d < S5anda > 0. For W-a.a. o € Q let Ha{a be the self-adjoint
operator defined by (2.7), (2.10) and (2.11). Then for W-a.a. w € 2 the number (counting
multiplicities) of negative eigenvalues of HY, equals the trace norm of the operator K lfao,
defined by (5.24). In particular, the expectation value (w.r.t. Wiener measure) for the number

. . LR} . . T . .
(counting multiplicities) of negative eigenvalues of H,, is finite.

Remark 5.7. In a forthcoming paper, we shall derive further results on the negative
eigenvalues. In particular, we shall show that for every N € N the probability that the
number of negative eigenvalues of H_, is at least N is strictly positive. On the other hand,
these probabilities tend rapidly to zero, as N tends to infinity. In fact, the above theorem
implies that the sum over N times the probability that the number of negative eigenvalues of

H! equals N is finite; here the sum is taken over all positive integers N.
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